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Theoretical predictions for top-quark production processes
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Abstract: I present theoretical results through three loops and N3LO for soft-gluon corrections in
a variety of processes involving top-quark production. In particular, I present results for total cross
sections and differential distributions in single-top production and top-pair production as well as
in top-quark processes with electroweak bosons and new physics.
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1 Introduction
Soft-gluon corrections are theoretically and numerically important for top-quark processes. They
are well defined analytically, they approximate known exact results at NLO and NNLO very well,
and they generate predictions for even higher-order corrections [1]. Thus, they are important in pro-
viding accurate theoretical predictions with a precision that can match the decreasing uncertainties
of the experimental collider data.
We consider a variety of processes involving the production of top-antitop pairs or single top-
quarks. For a top-quark process of the general form
f1(p1) + f2 (p2)→ t(pt) + X
we define the usual variables s = (p1 + p2)
2, t = (p1 − pt)2, u = (p2 − pt)2, as well as the threshold
variable s4 = s+ t+ u−
∑
m2. As we approach partonic threshold, s4 → 0. Soft-gluon corrections
contribute terms of the form [lnk(s4/m
2
t )/s4]+ in the perturbative expansion which can be dominant
near partonic threshold.
These soft-gluon corrections can be resummed in double-differential cross sections in Laplace or
Mellin moment space. For resummation at next-to-next-to-leading-logarithm (NNLL) accuracy we
need two-loop soft anomalous dimensions while at N3LL accuracy we need three-loop soft anomalous
dimensions. Finite-order expansions of the resummed cross section are independent of resummation
prescriptions, and thus they provide - after matching to known exact results - the most reliable
and accurate results at higher orders for cross sections and differential distributions. We denote
the results from expansions to second order as approximate NNLO (aNNLO), and from expansions
to third order as approximate N3LO (aN3LO).
Soft-gluon resummation is derived in moment space. Taking Laplace moments of the partonic
cross section with moment variable N , σˆ(N) =
∫
(ds4/s) e
−Ns4/sσˆ(s4), the cross section factorizes
in 4− ǫ dimensions as
σf1f2→tX(N, ǫ) = Hf1f2→tXIL (αs(µR)) S
f1f2→tX
LI
(
mt
NµF
, αs(µR)
)∏
Jin (N,µF , ǫ)
∏
Jout (N,µF , ǫ)
(1)
where Hf1f2→tXIL is a hard function and S
f1f2→tX
LI is a soft function, and both are in general matrices
in a given color tensor basis.
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The soft function satisfies the renormalization group equation(
µ
∂
∂µ
+ β(gs)
∂
∂gs
)
Sf1f2→tXLI = −(Γ
f1f2→tX
S )
†
LKS
f1f2→tX
KI − S
f1f2→tX
LK Γ
f1f2→tX
S KI . (2)
The process-dependent soft anomalous dimension matrix, Γf1f2→tXS , controls the evolution of the
soft function and gives the exponentiation of logarithms of N . For a review of soft-gluon corrections
in top-quark processes, see Ref. [1].
2 Top-antitop pair production
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Figure 1: The aN3LO top-antitop pair production cross section at LHC energies and (inset) Teva-
tron energies compared with data from ATLAS [5], CMS [6], CDF [7], D0 [8] and Tevatron combi-
nation [9].
At leading order, tt production proceeds via two distinct partonic channels, qq → tt and gg → tt.
The color structures of these channels are non-trivial, and matrices are needed to describe the soft
anomalous dimension in an appropriate color basis.
For the qq → tt channel, the soft anomalous dimension is a 2× 2 matrix. We use an s-channel
singlet-octet color tensor basis. At two loops for qq → tt, the four matrix elements can be given in
terms of the one-loop elements and the cusp anomalous dimension in the form [1,2]
Γ
qq→tt (2)
S 11 = Γ
(2)
cusp , Γ
qq→tt (2)
S 12 =
(
K
′(2) − CAN (2)S
)
Γ
qq→tt (1)
S 12 ,
Γ
qq→tt (2)
S 21 =
(
K
′(2) +CAN
(2)
S
)
Γ
qq→tt (1)
S 21 ,
Γ
qq→tt (2)
S 22 = K
′(2)Γ
qq→tt (1)
S 22 +
(
1− CA
2CF
)(
Γ(2)cusp −K
′(2)Γ(1)cusp
)
, (3)
where K
′(2) = CA(67/36 − ζ2/2) − 5nf/18 and the superscripts indicate the number of loops. For
the gg → tt channel the soft anomalous dimension is a 3 × 3 matrix (see [1, 2] for more details).
The structure of the results at three loops is similar, up to four-parton correlations [2].
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We now consider top-antitop pair production at aN3LO with NNLL accuracy [3]. For numerical
results in this section we use MMHT2014 NNLO pdf [4]. In Fig. 1 we display the theoretical
aN3LO cross section (i.e. exact NNLO plus soft-gluon N3LO corrections), together with theoretical
uncertainty from scale variation and pdf, at LHC energies and (inset) Tevatron energies, and
compare them with recent available data. These are the best theoretical results available since
they are based on NNLL resummation of the double-differential cross section without using any
resummation prescriptions. The formalism used in our results has consistently been the most
successful in postdicting exact NLO results and predicting exact NNLO results for both total cross
sections and differential distributions (see Ref. [1] for more discussion and comparisons of various
predictions). Furthermore, we observe an excellent agreement of the data with our theoretical
predictions at all energies.
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Figure 2: Top-quark pT distributions (left) and normalized pT distributions (right) compared with
CMS data [10].
In Fig. 2 we show the top-quark pT distributions, dσ/dpT , in tt production in the left plot, and
the normalized pT distributions, (1/σ)dσ/dpT , in the plot on the right, all at 13 TeV energy. We
use two choices of central scale, µ = mt and µ = mT = (p
2
T +m
2
t )
1/2. We find very good agreement
with data from CMS [10]; the latter scale choice works better in describing the data at higher pT .
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Figure 3: Top-quark rapidity distributions (left) and normalized rapidity distributions (right) com-
pared with CMS data [10].
In Fig. 3 we show the top-quark rapidity distributions, dσ/dY , in the left plot, and the nor-
3
malized rapidity distributions, (1/σ)dσ/dY , in the plot on the right, at 13 TeV energy. Again, we
find good agreement with data from CMS [10] in both plots.
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Figure 4: Top-quark double-differential distributions in pT and rapidity for central value of the
rapidity at (left) 8 TeV and (right) 13 TeV energies.
In Fig. 4 we show select top-quark double-differential distributions in pT and rapidity, d
2σ/dpTdY ,
at 8 TeV and 13 TeV LHC energies.
3 Single-top production
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Figure 5: (Left) aNNLO single-top t-channel cross sections compared with data at the LHC [15,16]
and (inset) the Tevatron [17]; (right) aNNLO single-top s-channel cross sections compared with
data at the LHC [16,18] and (inset) the Tevatron [19].
We continue with a discussion of single-top production for all three Standard Model channels
[11]. The soft anomalous dimensions are now known for these processes to three loops [12]. aNNLO
results are presented for t-channel production and for s-channel production while aN3LO results
are given for tW production. All numerical results in this section use MMHT2014 NNLO pdf [4].
4
3.1 Single-top t-channel production
We begin with single-top t-channel production [11] via processes bq → tq′. The soft anomalous
dimension is a 2 × 2 matrix. We use a t-channel singlet-octet color basis. Results for the soft
anomalous dimension matrix are available through three loops [2, 12].
For the first matrix element we have at one, two, and three loops, respectively [12]
Γ
bq→tq′ (1)
S 11 = CF
[
ln
(
t(t−m2t )
mts3/2
)
− 1
2
]
, Γ
bq→tq′ (2)
S 11 = K
′(2)Γ
bq→tq′ (1)
S 11 +
1
4
CFCA(1− ζ3) ,
Γ
bq→tq′ (3)
S 11 = K
′(3)Γ
bq→tq′ (1)
S 11 +
1
2
K(2)CA(1− ζ3) + CFC2A
[
−1
4
+
3
8
ζ2 −
ζ3
8
− 3
8
ζ2ζ3 +
9
16
ζ5
]
.(4)
Results for the other matrix elements in t-channel production can be found in [12].
In the left plot of Fig. 5 we present numerical results for t-channel production at aNNLO with
NNLL accuracy at LHC and (inset) Tevatron energies. Results are given separately for single-top
and single-antitop t-channel production, and also for their sum. Very good agreement is observed
with data from the LHC and the Tevatron. We also note that NNLO results for t-channel production
have appeared in Refs. [13, 14].
3.2 Single-top s-channel production
We continue with single-top s-channel production [11] via processes qq′ → tb. The soft anomalous
dimension is again a 2 × 2 matrix. We use an s-channel singlet-octet color basis. Results for the
matrix are available through three loops [2, 12].
For the first matrix element we have at one, two, and three loops, respectively [12]
Γ
qq′→tb (1)
S 11 = CF
[
ln
(
s−m2t
mt
√
s
)
− 1
2
]
, Γ
qq′→tb (2)
S 11 = K
′(2)Γ
qq′→tb (1)
S 11 +
1
4
CFCA(1− ζ3) ,
Γ
qq′→tb (3)
S 11 = K
′(3)Γ
qq′→tb (1)
S 11 +
1
2
K(2)CA(1− ζ3) + CFC2A
[
−1
4
+
3
8
ζ2 −
ζ3
8
− 3
8
ζ2ζ3 +
9
16
ζ5
]
.(5)
Results for the other matrix elements in s-channel production can be found in [12].
In the right plot of Fig. 5 we present numerical results for s-channel production at aNNLO with
NNLL accuracy at LHC and (inset) Tevatron energies. Results are given separately for single-top
and single-antitop s-channel production, as well as for their sum. The collider data have large error
bars, especially at 7 TeV energy, but good agreement is observed with the theoretical predictions.
We also note that NNLO results for s-channel production have appeared in Ref. [20].
3.3 Associated tW production
Single-top production can also proceed via associated production with a W boson, bg → tW− [11].
In this case the soft anomalous dimension is a simple function and it is given at one loop by
Γ
bg→tW (1)
S = CF
[
ln
(
m2t − t
mt
√
s
)
− 1
2
]
+
CA
2
ln
(
u−m2t
t−m2t
)
, (6)
at two loops by
Γ
bg→tW (2)
S = K
′(2)Γ
bg→tW (1)
S +
1
4
CFCA(1− ζ3) , (7)
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Figure 6: aN3LO single-top tW cross sections compared with data at the LHC [16,21].
and at three loops by [12]
Γ
bg→tW (3)
S = K
′(3)Γ
bg→tW (1)
S +
1
2
K(2)CA(1− ζ3) + CFC2A
[
−1
4
+
3
8
ζ2 −
ζ3
8
− 3
8
ζ2ζ3 +
9
16
ζ5
]
. (8)
In Fig. 6 we show theoretical predictions for tW production at aN3LO with NNLL accuracy
at LHC energies. Again, we oberve very good agreement with LHC data. We also note that the
numerical effect of adding terms involving Γ
tW (3)
S (contributing to N
3LL accuracy) is very small.
4 tZ ′ production
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Figure 7: Leading-order diagrams for tZ ′ production via top-quark anomalous couplings, gq → tZ ′
(left two diagrams), and via top-initiated processes, gt→ tZ ′ (right two diagrams).
Finally, we consider tZ ′ production [22] via top-quark anomalous couplings, gq → tZ ′ (left two
diagrams in Fig. 7), and with initial-state top quarks, gt→ tZ ′ (right two diagrams in Fig. 7).
Numerical results for four different values of Z ′ mass are shown for the gu→ tZ ′ cross section
as a function of collider energy in the left plot of Fig. 8 using CT14 NNLO pdf [23], and for the
gt→ tZ ′ cross section in the right plot of Fig. 8 using NNPDF3.1 NNLO pdf [24].
Related results for tZ and tγ production via top-quark anomalous couplings have been presented
in [25,26], and for tH− production in [27].
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Figure 8: Cross sections for (left) gu → tZ ′ and (right) gt → tZ ′ versus collider energy for four
choices of Z ′ mass. The inset plots show K-factors relative to LO.
5 Summary
We have studied soft-gluon corrections for top-quark processes through three loops. We presented
results for tt production at aN3LO, t-channel and s-channel single-top production at aNNLO, and
tW production at aN3LO. Excellent agreement is found between theoretical predictions and collider
data at the LHC and the Tevatron. We also showed results for tZ ′ production through aNNLO in
various models of new physics. Similar results apply to tZ, tγ, and tH− production at aNNLO and
aN3LO. Higher-order soft-gluon corrections are very significant in all cases.
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